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1. Introduction.
In the year 1978 Y. Ne’eman and T. Regge1 proposed a new approach to the formulation of
gauge theories, specifically gravity and supergravity, based on the formalism introduced by
E. Cartan for the formulation of Riemannian geometry in a completely geometrical setting.
Cartan’s approach implies a new, more geometrical and group-theoretical way of formulating
General Relativity. Indeed, as the adopted formalism relies basically and consistently on the
use of differential forms, the Cartan’s beautiful setting is independent of different coordinate
frames, that is of the group of general coordinate transformations (GCTG). At the same
time, it gives a prominent role to the gauge invariance of the theory under the Lorentz group
which emerges quite naturally from the formalism. As a matter of fact, in Cartan’s view,
Riemannian geometry must be seen as pertaining to finite Lie groups rather than to infinite
group of general coordinate transformations. In the latter case it could be difficult to see
how gravitation could be unified with gauge theories of other interactions, what instead
seems quite natural in the geometrical formalism developed by him.
Following this line of approach, Y. Ne’eman and T. Regge further developed the Cartan’s
formalism, proposing that in principle any diffeomorphic and gauge invariant theory should
be constructed directly on the group manifold G defining the Lie algebra valued gauge
fields in the coadjoint representation of the group. This is consequence of the following
considerations.
Referring to the pure gravity theory, the spin connection ωab and the vierbein V a 1-form
gauge fields are just fragments of the adjoint multiplet µA, (A = 1, . . . , 10), of the Poncare´
Lie algebra with indices decomposed with respect to the Lorentz subgroup SO(1, 3), and
spanning a basis of the cotangent plane of the Poincare’ group, namely µA = (ωab, V a),
(a, b = 0, . . . , 3). However in gravity theory, there is an essential difference between the two
fields: While the vierbein V a = V aµ dx
µ propagate, this is not true for the spin connection.
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This is a consequence of the well known fact that Riemannian geometry requires that the
“curvature” of V a, namely the torsion 2-form, must vanish. This makes the spin connection
a functional of the vierbein and its derivatives. This disparity is essentially due to the
factorization hypothesis which breaks from the very beginning the symmetry of the group,
since it factorizes in a trivial way the dependence of the gauge fields from the Lorentz
coordinates. In fact in the Cartan formulation of gravity the fields (ωab, V a) live on the
principal fiber bundle [M4/ SO(1, 3)], where the base space M4 is the physical space-time
which, in the vacuum configuration, reduces to the coset base space [G/SO(1, 3)] with G =
ISO(1, 3).
It follows that if we now do not assume factorization, the dependence of the fields
µA = (ωab, V a) on the group coordinates must be dictated by the field equations (and
boundary conditions). It is then natural to try to construct gravity theory directly on
the group manifold G, (ISO(1, 3) in the gravity case), where the fields are represented by
the Cartan-Maurer 1-forms in the coadjoint representation of the group. This implies that
the gauge fields will depend not only on the coordinates xµ (µ = 0, . . . , 3) related to the
translation group, but also also on the coordinates of the Lorentz group yµν . Out of the
vacuum the left-invariant 1-forms, spanning a basis on the cotangent space of G, do not
obey anymore the Cartan-Maurer equations, but become dynamical, that is they acquire
curvatures, namely the field-strengths of the dynamical fields.
Quite generally, as can be shown in general and we will show in the simplest cases, when
fields are defined directly on a (graded-)group manifold, this new approach makes it possi-
ble to give a more geometrical formulation of the theory. Actually, both for gravity theory
as for supergravity in any dimensions D, the Lorentz invariance can be retrieved from the
equations of motion as a result of the action principle, even if the D-form Lagrangian has
to be integrated on a group manifold whose dimensionality, dimG, is greater than the form
degree D of the Lagrangian. In fact we will see that the integration of a D-form as a sub-
manifold can be consistently performed as a result of its invariance under the GCTG, and
the resulting equations of motion give horizontality of the curvatures in the Lorentz direc-
tions, leading to factorization of the Lorentz parameters. While this way to obtain Lorentz
invariance starting from the whole group manifold G seems to be only of academic interest,
its extension to graded groups (or supergroup, SG in the following) leads to a geometric
interpretation of supersymmetry. Indeed, in this case, referring for simplicity to the N = 1,
D = 4 case, the coadjoint supermultiplet now contains an extra fermionic vielbein, namely
µA = (ωab, V a, ψα), a, b = 0, . . . , 3, α = 1, . . . , 4, where ψα is a Majorana spinor 1-form, so
that the coadjoint multiplet will now depend, besides translation and Lorentz coordinates,
also on the odd fermionic Grassman parameters θα. In this case the Lorentz factorization,
obtained as a result of the field equations, is not sufficient alone to leave us on space-time,
but rather on superspace defined in the vacuum configuration as R4|4 = OSp(1, 4)/SO(1, 3),
while out of vacuum superspace is a bundle whose base space is physical space-time. The
superspace equations of motion, besides horizontality of the supercurvatures in the Lorentz
directions, also give constraints on the super-curvatures in the “fermionic” directions, which
allow to restrict the theory to space-time only. Indeed one finds that these components are
linearly expressible in terms of the components of the super-curvatures on the (cotangent
plane of the) space-time manifold. It is this property, dubbed rheonomy, which allows a
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complete geometrical interpretation of supersymmetry1 and moreover allows the interpre-
tation of the superspace diffeomorphisms as supersymmetry transformations on space-time.
In the following we shall try to give a short, albeit almost complete, account of these
properties in the simplest case of N = 1, D = 4 pure supergravity. This is however sufficient,
since, as we will explain, they work exactly in the same way for any other supergravity
independently of the supergroup G the number of supersymmetry generators, space-time
dimensionality and/or matter couplings, even if they often exhibit a much more intricate
structure. Notwithstanding this the geometrical interpretation of supersymmetry can be
shown to remain the same.
The development of this approach was proposed by T. Regge as soon as he came back
to Torino from Princeton IAS. The developments of his ideas were initially a result of his
collaboration with R. D’Auria and P. Fre´ and partly with A. D’Adda. The Torino group
then developed the Regge initial ideas during many years2 and his geometric method has
become one of the principal tools for investigation not only of supergravity, but also of any
other topic where the geometrical and group-theoretical approach can be useful or even
essential. Indeed a long series of achievements using the basic idea of Tullio Regge has been
realized from the very beginning till our days and will probably continue also in the future.
Coming back to supergravity, let me just mention which other advantages of a purely
geometric approach have emerged during the developments of the method.
• An important step has been the construction of the Lagrangian. Indeed, using the
building principles of geometricity to be discussed below together with other obvious
requirements like the presence of the Einstein term, the construction turns out to be
essentially algorithmic and unique.Moreover, as outlined before, using the Ne’eman
Regge’s geometrical action principle the superspace equations of motion give in
one stroke, besides the space-time field equations, also linear relations between the
components of the supercurvatures leading to the supersymmetry of the space-time
Lagrangian.
• Besides, the steady use of the geometric approach also for theories having anti-
symmetric tensors in the gravitational multiplet has led the authors of reference2
to develop in a geometrical way a new structure for their treatment, by generaliz-
ing the Maurer-Cartan equations to integrable structures containing higher degree
p-forms.3
• As is well known, it is possible to develop supergravity theories in superspace using
1The same mechanisms of factorization and rheonomy also work in rigid theories. However, for
lack of space we shall not consider theories where rigid supersymmetry is present.
2Torino group was essentially composed by D’Auria and Fre´ in the beginning, and later enlarged
to L. Castellani and many other collaborators among whom an important role has been played by
A. Ceresole. During the development of the approach many other collaborators joined our group
in view of solving specific problems using, at least in part, our techniques, the most assiduous and
important being S. Ferrara, L. Andrianopoli and lately M. Trigiante.
3The new structures generalizing Maurer-Cartan equations have led to a formulation of a math-
ematical structure which is nowadays recognized as a first example of the mathematical theory of
L∞ algebras (see e.g. references
3, 4).
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Bianchi identities. Since the geometric approach is essentially a superspace approach
it is possible to derive directly (that is without writing an action principle) the
equations of motion of any supergravity using only the Bianchi identities of the
super-curvatures and using a priori rheonomy as a principle of the construction, as
we shall explain in the following.
2. Pure Gravity in Cartan Formalism.
In this section we shall first remind some of the most important properties of the Cartan
formulation of the Einstein gravity in order to establish the notations and thus setting
the stage for the formulation of its extension to the Poincare´ group manifold. This is a
preparatory discussion in view of discussing the geometrical interpretation of supersymmetry
(also called rheonomy) in supergravity theories.
In the Cartan geometrical framework the gauge fields are to be identified with the left-
invariant differential forms {σA} dual to the generators TA of the Lie algebra of the Poincare´
group G= ISO(1,3), namely we have σA(TB) = δ
A
B. The indices A,B run on the (co-)adjoint
representation of a Lie algebra. The left-invariant 1-forms satisfy the celebrated Maurer-
Cartan equations which are a dual formulation of the Lie algebra:4
dσA +
1
2
CABCσ
BσC = 0. (2.1)
Here CABC are the structure constants of the Poincare´ Lie algebra satisfying the Jacobi
identities as a consequence the integrability condition d2 = 0 of Eq. (2.1).
The left-invariant 1-forms σA describe the configuration of the physical vacuum, that is,
vanishing field-strengths. In order to have non-vanishing field-strengths one needs a non-
vanishing right hand side in equation (2.1), that is we must endow G with a set of non
left-invariant forms µA, so that they can develop non-vanishing curvatures RA:
RA = dµA +
1
2
CABCµ
BµC , (2.2)
RA being defined as the coadjoint multiplet of curvatures. In particular, the 1-forms µA will
be now dual to the non left-invariant vector fields T˜A closing a Lie algebra of vector fields
with structure functions instead of structure constants, namely CABC −→ CABC + RABC ,
where RABC are the components of the curvature 2-forms along µ
BµC . Following Cartan’s
geometrical setting, the 1-forms µA, indexed in the coadjoint representation of the Poincare´
group, can be decomposed into their Lorentz content, that is the index A is decomposed
with respect to indices of the Lorentz subgroup SO(1, 3). In this way one defines the spin
connection and the vierbein 1-forms: µA ≡ {ωab, V a}, (a, b = 0, 1, 2, 3). Correspondingly,
the curvatures or field-strengths of ωab, V
a take the following form:
Rab = dω
a
b − ωac ∧ ωcb, (2.3)
T a = dV a − ωab ∧ V b . (2.4)
The Rab 2-form is named the Lorentz curvature and when expanded along a vierbein basis
Rab = 12R
ab
cd V
c V d its components coincide with minus the Riemann tensor in Lorentz
4Here and in the following we shall omit the wedge symbol for p-forms product, unless where it
can be useful for clarity and avoid confusion.
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indices.5 The T a 2-form is named the torsion. Moreover, the curvatures satisfy the Bianchi
identities
DRab = 0, (2.5)
DT a −Rab Vb = 0, (2.6)
being D = d − ω the Lorentz covariant derivative. Using these definitions, the Cartan
gravitational Lagrangian can be written as follows:
L ≃ Rab ∧ V c ∧ V dǫabcd . (2.7)
Note that the integrand of the action being a 4-form is automatically invariant under diffeo-
morphisms and, as it is shown below, it formally coincides with the usual Einstein-Hilbert
Lagrangian written in terms of the metric and Levi-Civita connection.
In the original Cartan construction of the Lagrangian (2.7) the gauge fields {ωab, V a}
depend only on the space-time coordinates while the dependence on the Lorentz parameters
is factorized. In other words, the total space is taken to be a principal fiber bundle [M4,H],
where H = SO(1, 3).
As the fiber bundle structure implies a factorization of the Lorentz parameters of the
fiber, M4 can be identified with a, generally non-flat, four manifold namely space-time.
Therefore the gravitational action is obtained by integrating on M4 the Lagrangian (2.7):
A = 1
4κ2
∫
M4
Rab ∧ V c ∧ V dǫabcd , (2.8)
where κ =
√
8πG, and G is the gravitational constant.
Let us remind some of the properties of the Cartan Lagrangian (2.7).
First we show that it is formally equivalent to the traditional Einstein-Hilbert Lagrangian.
Indeed6
Rab∧V c ∧ V dǫabcd = 1
2
RabijV
iV jV cV dǫabcd =
1
2
RabijV
i
µV
j
νV
c
ρV
d
σǫabcddx
µdxνdxρdxσ =
1
2
RabijV
i
µV
j
νV
c
ρV
d
σǫ
µνρσǫabcdd
4x =
1
2
Rabijǫ
ijcdǫabcddetV d
4x = −2Rij ijdetV d4x . (2.9)
If we denote world-indices by Greek letters, we have
Rijij ≡ Rµνµν = R, (2.10)
where R is the scalar curvature and detV =
√−g is the square root of the metric determinant
(g = detgµν). Hence we get:∫
M4
Rab ∧ V c ∧ V dǫabcd = −2
∫
M4
R
√−g dx4 . (2.11)
Let us now observe that the formal equivalence between the Cartan and Einstein-Hilbert
formulations just shown does not mean that they are completely equivalent.
First of all Cartan vierbein formalism, showing explicitly the gauge invariance of the the-
ory under Lorentz transformations, allows to introduce spinors in the General Relativity
5We note that our definition of curvature and torsion differ by the sign of the spin connection ωab
compared to the more common definition in the literature. Since ωab → −ωab implies Rab → −Rab,
the relation between Rab and the Riemann tensor is Rabcd = −V
a
µ V
bν V ρc V
σ
d R
µ
νρσ.
6Here and in the following we are using a mostly minus Minkowski metric.
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framework, contrary to what happens in the usual formalism. Indeed in the world index
setting, tensors transform under GL(4,R) while spinors are in a SO(1, 3) representation and
therefore they can be naturally coupled in a formalism where Lorentz SO(1, 3) covariance
is present.
Furthermore, it is a first order Lagrangian, that is the gauge fields ωab, V a, being member
of the same adjoint multiplet, are off-shell independent as it is natural in a geometric La-
grangian like (2.7). By geometric we mean that, besides containing the Einstein term, it is
built only in terms of forms and wedge products.
Moreover it can be easily ascertained that requiring the Lagrangian to be geometric makes
it uniquely determined. Indeed any other Lorentz invariant 4-forms to be added to Eq. (2.7)
would be a wedge product of curvature 2-forms and would give rise to Chern characteristic
classes7 (note that the term T a ∧ Ta is easily seen to reduce to the Cartan Lagrangian by
partial integration).
Alternatively, uniqueness of the gravity Lagrangian is also obtained by requiring that no
dimensional constant should enter the Lagrangian. In this case the (wedge) product of any
two curvatures RA = (Rab, T a) would have different scaling with respect to the Lagrangian
(2.7) and should therefore be omitted. Of course dimensional constants should appear in
theories where coupling to matter, gauging and scalar potential appear.8
Let us now write down the equations of motion derived from the action (2.8). Varying
the action with respect to ωab and V d we find, respectively:
T c ∧ V dǫabcd = 0, (2.12)
Rab ∧ V cǫabcd = 0, (2.13)
where T a = DV a is the torsion 2-form, DV a ≡ dV a − ωabV b denoting the Lorentz covariant
derivative.
Before proceeding with the solutions to the above equations, it is important to stress
that, besides the obvious invariance under GCTG, even if all the fields are valued in the
Poincare´ group, the action is invariant only with respect to the subgroup of the (local) Lorentz
transformations.
This can be easily checked writing down the infinitesimal action of the Poincare´ group on
the gauge fields ωab, V a. Defining ǫA = ǫab, ǫa, being ǫab and ǫa the parameters of the
infinitesimal Lorentz and translation gauge transformations, respectively, we have:
δ(gauge)µA = (∇ǫ)A , (2.14)
where ∇ denotes the Poincare´ gauge covariant differential. Decomposing the (co)-adjoint
index A in indices of the Lorentz subgroup, from (2.14) follows
δ(gauge)ωab = Dǫab,
δ(gauge)V a = Dǫa + ǫabVb,
7By curvature we mean both the Rab and T a 2-forms.
8For pure theories, however, like those described in terms of massless fields only, the pure gravity
case being the simplest case, one dimensional constant of dimensions mass squared is allowed,
adding the term 1/3ΛǫabcdV
a V b V c V d with Λ having the dimension of a mass squared. This gives
rise to a Einstein Lagrangian with a cosmological term. This kind of extensions, however, can be
easily shown to be equivalent to starting with the group manifold of a (anti) de Sitter group instead
of the Poincare´ group and will not change anything in the mechanisms we are going to discuss
both for gravity as for supergravity. Indeed we may note that the Poincare´ group ISO(1, 3) is an
Ino¨nu¨-Wigner contraction of the SO(2, 3) group.
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where D = d − ω denotes the Lorentz covariant differential. It is then easy to see that the
Lagrangian (2.7) and the equations of motion are invariant under a local Lorentz transfor-
mation, but are not invariant under a local translation. Indeed performing an infinitesimal
translation on (2.19), using the Bianchi identities (2.5) and (2.6) and integrating by parts,
we have
δ
∫
RabV cV dǫabcd = 2
∫
RabDǫcV dǫabcd = −2
∫
ǫcRabT dǫabcd 6= 0 . (2.15)
The non-invariance under translations of the equations of motion (2.12) and (2.13) can be
checked in an analogous way. We will see in the next section that the fact that a torsionless
vierbein can acquire torsion under the action of a translation can be best understood using
the notion of Lie derivative.
Let us now solve the equations of motion (2.12) and (2.13). From (2.12), expanding
the torsion 2-form along the vierbein basis, T a = T abcV
b V c, it is easy to find that the
components T abc have a vanishing trace, T
a
ab = 0. This implies in turn T
a
bc = 0 as the
unique solution. Therefore
T a = 0 −→ dV a − ωabV b = 0. (2.16)
Expanding along the differentials, we write
∂[µV
a
ν] = ω
ab
[µVν]b. (2.17)
Equation (2.17) can be solved in an analogous way as the Levi-Civita connection is solved in
terms of the metric and its derivatives, obtaining ωabµ in terms of the vierbein components
and its derivatives. Therefore, implementing the purely algebraic equation of motion of
the spin connection allows us to express ωab|µ as a functional of the vierbein and its first
derivatives. This is strictly analogous to what happens in the first order Palatini formalism
in the usual metric approach.
From the second equation, expanding the 2-form Rab =
1
2R
ab
cdV
cV d, we also find, after
some algebraic manipulation, the Einstein equation 9
Rab − 1
2
ηabR = 0, (2.18)
where now Rab is the Ricci tensor Rab = R
am
bm and R ≡ Ra a is the scalar curvature.
2.1. Extending the Theory from G/H to G.
We have seen in the previous section that the Einstein-Cartan Lagrangian is invariant under
gauge Lorentz gauge transformations. It is therefore convenient to use the language of fiber
bundles.
We will refer in the following to the Poincare´ group, but most of the considerations are
exactly the same for other gravity or supergravity theories, replacing the Poincare’ group
with a general (super-)group G and the Lorentz group with a general gauge group H.
We know that in the vacuum configuration, the fiber bundle is [ISO(1, 3)/SO(1, 3)], while for
9Note that we write Einstein equation Rµν − 1/2gµνR = 0 using rigid vierbein indices. Indeed,
unless necessary, we are using rigid tangent indices throughout instead of coordinate indices. Of
course the rigid ndices can be traded with the world indices using the vierbein matrix in the usual
way.
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a general configuration the gauge fields µA =
(
ωab, V a
)
of the Cartan-Einstein Lagrangian
(2.7) live on a fiber bundle [M4,H], where M4 is the base space and H = SO(1, 3) is the
fiber. It is then convenient and natural to consider the base space M4 as a deformation of
the vacuum base space ISO(1, 3). Indeed the base space out the vacuum can be obtained
when the left-invariant 1-forms are deformed into a non-left-invariant dynamical forms µA
enjoying curvatures. In this case the base space can be thought of as a space G/H on which
a dynamical metric has been defined, constructed out of the on left-invariant 1-forms µA,
which no longer has G as isometry group. Equivalently we may also say that the group G
has been deformed into a G˜ so has to have dynamical fields. G˜ is often referred to as a
soft group manifold. With this nomenclature we can write the general structure of the fiber
bundle as G˜/H.
Let us now take the point of view of reference1 and assume that the set of 1-forms µA =
(ωab, V a) is defined, right from the beginning, on the whole Poincare´ group G=ISO(1, 3).
In this case factorization of the Lorentz coordinates is absent since the gauge fields µA =(
ωab, V a
)
will now depend on the full set of ten-dimensional group coordinates, namely
the xµ parameters of translations and the coordinates yµν associated with the Lorentz
transformations of SO(1, 3). The non left-invariant µA 1-forms, generalizing the σA, are
naturally viewed as a set of vielbein spanning a local reference frame on the ten-dimensional
cotangent plane at each point of G˜/H.
We consider the Lagrangian L = Rab ∧ V c ∧ V dǫabcd where now both the vielbein and
curvatures are not factorized, but depend of the full set of the G-coordinates (xµ, yµν).
Even if the Lagrangian (2.7) is formally the same when the fields 1-form and curvatures
2-forms are defined on the full group manifold of G, there is, however, a problem to write
down a suitable action, since we have to integrate the Lagrangian 4-form in the d-dimensional
space of the group G˜, (d = 10 in the Poincare´ case).
A simple way out would be to embed the four-dimensional space-time as a four-dimensional
hypersurface M4 (with boundary value M4) in G˜. However, the very presence of M4 in
the variational principle makes it a dynamical variable, thus subjected to variation. Indeed
new fields enter in the action corresponding to the embedding functions of M4 in G˜. This
implies the added complication that the equations describing the embedding of M4 in G˜
should include arbitrary functions which must be considered as fields, what would of course
spoil the geometric nature of the Cartan geometric approach.
The crucial observation given in1 is that one can safely ignore the variation of M4, since
any variation of M4 can be compensated by a change of coordinates xM = (xµ, ηµν) in G˜
under which the Lagrangian, built only in terms of differential forms (and wedge products
among them), is invariant. When considering theories more general than pure gravity, this
of course requires that the Lagrangian be geometrical in a larger sense as was previously
explained. Indeed, besides the requirements of being built using only differential forms,
wedge products and the differential operator d : d2 = 0, we must also add the requirement
of excluding the presence of the Hodge duality operator. Indeed as the hypersurface M4
on which the integration is performed can be chosen arbitrarily, due to invariance under
diffeomorphisms, the equations of motion will hold on the whole G˜. The presence of the
Hodge duality operator, instead, would give a dependence on the hypersurface M4 and its
metric.
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In the case under study, namely simple gravity in the Cartan formalism, see equation
(2.7), the requirement of geometricity in this larger sense is obviously satisfied and the action
will be now written as follows:
A = 1
4κ2
∫
M4⊂G˜
Rab ∧ V c ∧ V dǫabcd, (2.19)
where M4 is an arbitrary surface immersed in G˜ = I˜SO(1, 3).
The equations of motion derived from the action (2.19) are formally the same as equations
(2.12) and (2.13), but are now valid on the whole group manifold, since, as already observed,
the hypersurface M4 is arbitrary. Because of that, in analyzing their content, the Lorentz
curvature and the torsion 2-forms must be expanded not only in terms of the vierbein
V a ∧ V b, but also in terms of the 2-forms ωab ∧ V c and ωab ∧ ωcd, which are part of the
µA∧µB basis of the cotangent plane to G˜ at each point ofM4. The projection along V a∧V b
leads of course to the same equations as in the Cartan original setting. On the other hand,
expanding the curvature and the torsion equations also along the other two 2-forms of the
basis containing at least one ωab 1-form, it is almost immediate to recognize that we obtain
for their corresponding components the solution:
Rabc|(lm) = R
ab
(lm)|(pq) = T
a
c|(lm) = T
a
(lm)|(pq) = 0. (2.20)
These equations assert that the curvatures are horizontal along the Lorentz subgroup 1-
forms containing at least one Lorentz gauge field ωab, implying that the group manifold
G˜ has acquired dynamically the structure of a fiber bundle, namely [G˜/H,H], where in the
present case G˜ = I˜SO(1, 3), H = SO(1, 3). Indeed we recall that an equivalent way to
say that a manifold G˜ has the structure of a fiber bundle [G˜/H,H] is to require that the
curvatures RA are horizontal, that is that their components along the H directions spanned
by the 1-forms dual to the generators of H vanish. This is in fact the content of equation
(3.21) since the curvature 2-forms
(
Rab , T a
)
vanish along components ωab∧ωcd or ωab∧V c.
It follows that only the components along two vielbein RA = RAabV
a ∧ V b will survive, that
is, identifying M4 with the space-time and projecting them along the differentials, namely
the RAµν components.
Thus we have reobtained from the same Lagrangian, but an enlarged action principle, the
same equations of motion as in the classical treatment of the Cartan Lagrangian given before.
The new procedure of defining fields on the group manifold and of considering space-time
as a hypersurface immersed in G, gives a conceptual advantage with respect to the usual
formulation since the factorization of the Lorentz coordinates and the Lorentz invariance of
the Lagrangian are a result of the field equations. When this is done the connection forms
and the vierbein appear as a single g-bein on G˜ (g being the dimensions of G) which also
play the role of connections in computing covariant derivatives and curvatures.
On the other hand, implementing the equations of motion derived from the action principle
of (2.19) one finds in a dynamical way that the theory lives effectively on a fiber bundle
[G˜/H,H].
Note that even if in pure gravity the Hodge duality operator does not appear, in more
general theories, like matter coupled gravity, it is precisely the absence of the Hodge duality
operator which implies that the choice ofM4 turns out to be irrelevant, Actually any other
M′4 could work equally well and the physics would be the same on any of them. Indeed a
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diffeomorphism in the direction orthogonal to space-time, considered from a passive point
of view, can be considered as a lifting of the hypersurfaces M4 to another hypersurfaces
M′4 and corresponds to the same theory in a different Lorentz frame. In other words the
lifting from M4 to M′4 corresponds to a Lorentz transformation. From an active point of
view, however, restricting the Lorentz factorized theory to a fixed M4, identified as the
physical space-time, the same diffeomorphism corresponds to consider the theory together
with all possible Lorentz transformations. Indeed, as we will explain in the next subsection,
a diffeomorphism on the group manifold reduces to a Lorentz gauge transformation when
the curvatures along the Lorentz subgroup are horizontal.
Let us note that the requirements of geometricity given before for treating the simple
case of pure Poincare´ gravity work equally well in more complicated theories like matter
coupled gravity theories in four or even higher dimensions.
In all these more realistic cases the requirement of the absence of the Hodge duality
operator seems, at first sight, to be too strong. Indeed when any extended gravity theory is
coupled to scalars or vector fields their kinetic terms require the presence of the Hodge dual-
ity operator. For example, a kinetic term for a vector field should be written as proportional
to
−
∫
Fµν F
µν√−gd4x = 1
2
∫
F ∧ ∗F , (2.21)
where Fµν = ∂[µAν], F = Fab V
a V b and ∗F = 12F abǫabcdV c V d. This apparent obstacle
can be easily overcome introducing a first order formalism for the vector field. Namely, we
introduce a 0-form antisymmetric Lorentz tensor Fˆab (Fˆab = −Fˆba) and write for the kinetic
term of the 2-form F the following action:
Avec = −
∫
Fˆ ab FˆabΩ+ α
∫
Fˆ ab F V c V dǫabcd, (2.22)
where Ω is the four-dimensional volume element (− 14! ǫpqrsV p V q V r V s). Varying the 0-form
Fˆab we find that choosing α = − 12 we obtain
Fˆab = Fab, (2.23)
where Fab are the components along two vielbein of the 2-form F . Varying next the gauge
field A, from the second term of the action (2.22) we find the usual equation of motion:
DaF ab = 0→ DµFµν = 0. (2.24)
In this way we see that using a first order formalism for the vector fields Lagrangian,
the kinetic term can be obtained from the equation of motion starting from a geometric
Lagrangian where the Hodge operator is absent. The same trick can be obviously used for
the kinetic term of scalar fields.
Quite generally the same requirement of geometricity should be made for any extension of
the theory with additional fields (matter coupled gravity) and in particular in supergravity
where, besides the mechanism of Lorentz coordinates factorization, the requirement of a
geometric Lagrangian turns out to be necessary in order to implement in a geometrical
way local supersymmetry. It is precisely this fact that makes the rather academic result of
obtaining the factorization of Lorentz coordinates as a result of the field equations a simple
standard example to understand in a similar way the supersymmetry transformations in
supergravity.
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2.2. Gauge Transformations and Diffeomorphisms.
It is interesting at this point to show in an explicit way how a diffeomorphism reduces to a
gauge transformation when the curvatures are horizontal, while it differs by curvature terms
in the general case. We perform the derivation in a general group-theoretical setting so that
it may apply to any (softened ) group or supergroup G˜.
An infinitesimal element of the GCTG on G˜ is given by a tangent vector on G˜, ~t = ǫMTM ,
with ǫM = δxM , where the middle alphabet Latin capital indices are coordinate indices on
G˜. Using the vielbein µA of the whole (soft) group G˜ we can rewrite a tangent vector ~t as
follows:
ǫ = ǫAT˜A, (2.25)
where ǫA = ǫMµAM , and T˜A = TM µ
M
A . Here T˜A is the vector field generator dual to the
non left-invariant 1-form µA, µA(T˜B) = δ
A
B, and ǫ
A = δxA is the infinitesimal parameter
associated to the shift. An infinitesimal generator of diffeomorphisms generated by ǫA is
given by the Lie derivative
ℓǫµ
A = (ιǫd+ dιǫ)µ
A, (2.26)
where ιǫ is the contraction operator along ǫ.
On the other hand the Lie derivative (2.26) can be also rewritten as follows:
ℓǫµ
A = (ιǫd+ dιǫ)µ
A =
= ιǫdµ
A + d
(
ι(ǫB T˜B)µ
A
)
=
= ιǫdµ
A + dǫA . (2.27)
Adding and subtracting CABCµ
B ∧ µC to dµA and using the definition of the covariant
derivative
∇ǫA = dǫA + CABCµB ǫC , (2.28)
we find :
ℓǫµ
A = ιǫ
(
dµA +
1
2
CABCµ
B ∧ µC
)
− ǫBCABCµC + dǫA. (2.29)
where we have used the antisymmetry of CABC in the lower indices. The terms in brackets
define the curvature RA while the other two terms, using the antisymmetry of the struc-
ture constants in (B,C) define the gauge covariant differential of ǫA. Therefore, using the
anholonomized parameter10 ǫA, the Lie derivative can be written as follows:
ℓǫµ
A = (∇ǫ)A + ιǫRA . (2.30)
Hence an infinitesimal diffeomorphism on the manifold G˜ is a G-gauge transformation plus
curvature correction terms.
In particular, if the curvature RA has vanishing projection along a vector ǫB˜TB˜, where
B˜ is an adjoint index of the subgroup H ⊂ G˜ so that
ιǫR
A ≡ ǫB˜RA
B˜C
µC = 0, (2.31)
10By anholonomized parameter we mean that we are using the rigid group index of the vielbein
µA.
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then the action of the Lie derivative ℓǫ coincides with a gauge transformation. In this case
we recover the result that the curvatures are horizontal along the H directions and the group
manifold acquires the structure of a principal fiber bundle whose base manifold is G˜/H, and
H the gauge group.
In conclusion, if the theory on G˜ can predict horizontal curvatures, it lives on [G˜/H,H] and
it is equivalent to the original Cartan approach. This is in fact what we have found in the
case of the Poincare´ group.
We stress once again that the derivation of the formula AGCT, equation (2.30), makes no
explicit reference to the specific group G˜. It holds for any group, including supergroups, as
we shall see in the supergravity case.
3. Geometric Supergravity.
The fact that the fiber bundle structure in H of a gravity theory can be obtained dynam-
ically from a suitable action principle is certainly an interesting feature of these theories,
since it sheds light on the geometrical origin of the theory and on the power of the action
principle. However, from a purely physical point of view it does not seem to add anything
important to our understanding of the theory. After all to write a theory possessing ab
initio a fiber bundle structure does not change anything in the development of the theory
and in its physical results.
The value of the previous detailed description of factorization of Lorentz parameters lies
in the possibility to give a geometrical interpretation of supersymmetry analogous to the
geometrical mechanism of factorization of the Lorentz coordinates shown in the pure gravity
case.
Indeed we will show, using the simple example of N = 1, D = 4 supergravity, that the
invariance of the supergravity Lagrangian is due to the behavior of the supergroup curva-
tures along the fermionic components of the supervielbein in superspace. Indeed, while the
curvatures in the direction of the “Lorentzian” vielbein ωab of the supergroup have to be
zero in order to obtain a fiber bundle structure for the H subgroup, exactly as it happens
in gravity, this will not happen for the supercurvatures in the direction of the fermionic
vielbein ψα.11
What actually happens is the following: The dependence of the fields on the supergroup
or superspace odd coordinates θα, does not imply their complete factorization, rather one
finds that such components of the curvature 2-forms can be expressed algebraically, actually
linearly, in terms of the curvatures restricted to the bosonic cotangent plane of the embed-
ded space-time hypersurface, namely in terms of V a V b, the basis on the cotangent space of
ordinary space-time. Inserting this result into the Lie derivative formula (2.30), one obtains
a geometrical interpretation of the local supersymmetry transformations.
For the sake of brevity and simplicity we will show how this happens in the simple example
of pure N = 1, D = 4 supergravity . However, the relevant results hold exactly in the same
way for any supergravity theory, pure or matter coupled, in any dimension 4 ≤ D ≤ 11 and
for any number 1 ≤ N ≤ 8 of supersymmetry generators in the Lie superalgebra.
11Here and in the following α is a spinor index in the relevant representation of SO(1,D-1).
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3.1. N = 1, D = 4 Supergravity in the Geometric Approach.
We will now give the explicit description of the group manifold formalism for the N = 1,
D = 4 pure supergravity theory.
The graded group of N = 1, D = 4 supergravity is the super-Poincare´ group G˜ =
OSp(1|4), where the bar over OSp(1|4) means Ino¨nu¨-Wigner contraction of the super Anti-
de Sitter group (recall that SO(2, 3) ≃ Sp(4)). The coadjoint multiplet of left-invariant
1-forms is
σA = (ω˚ab, V˚ a, ψ˚α), (3.1)
where ψ˚α is a Majorana spinor 1-form in the fermionic direction of the supergroup. The
upper little ring means that, being left-invariant, they satisfy the Cartan-maurer equations
( vanishing curvatures):
dσA +
1
2
CABC σ
B ∧ σC = 0. (3.2)
These 1-form fields will now depend on the coordinates (xµ, ηµν , θα) of the supergroup.
Deforming the σA into the non left-invariant 1-form µA = (ωab, V a , ψα) allows us to define
the following multiplet of super-curvatures:12
Rab ≡ dωab − ωac ∧ ωcb, (3.3)
Tˆ a ≡ dV a − ωab ∧ V b −
i
2
ψγaψ, (3.4)
ρ ≡ Dψ= dψ − 1
4
γabψω
ab, (3.5)
where we adopt a matrix notation for the spinor current in equation (3.4) and we have
denoted by ρ the curvature 2-form of ψ; γa and γab are Dirac gamma matrices in four
dimensions. Moreover we have set a hat on the supertorsion, Tˆ a, to avoid confusion with
the purely bosonic torsion T a. The curvatures satisfy the following Bianchi identities:
DRab = 0, (3.6)
DTˆ a +Rab V b − iψ¯γa ρ = 0, (3.7)
Dρ− 1
4
γabψR
ab = 0. (3.8)
Note that all terms in the definition of the curvatures and in the Bianchi identities scale
homogenously since ωab, V a, ψ and their curvatures have length scaling [L0], [L1] and [L1/2],
respectively.
In order to write down the Lagrangian we require that it is geometric. For the sake of
clarity let us repeat here what it amounts to, adding some more obvious requirements:
• It must be constructed using only differential forms, wedge products among them,
and the d exterior differential;
• It must not contain the Hodge duality operator;
12Here and in the following we will mostly omit the spinor index α on the spinors. Moreover, if
there is no risk of confusion, we shall often refer to the super-curvatures simply as curvatures.
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• As the Einstein term, which must be always present, scales as [L2], ([LD−2] in D
dimensions), all the terms must scale in the same way;
To these requirements one usually adds the following one:
• If all the curvatures RA are zero (left-invariant σA or vacuum configuration), the
Lagrangian and the equations of motion must vanish identically.
This last requirement is useful in constructing Lagrangians more complicated compared to
the present N = 1, D = 4 theory.
It is easily seen that the only term we can add satisfying the first three requirements, for the
G = OSp(1|4) group, is the Rarita-Schwinger kinetic term (written in terms of differential
forms). Thus we obtain
AN=1D=4 =
1
4κ2
∫
M4⊂OSp(1|4)
[
Rab V c V dǫabcd + αψγ
5γaDψ V a
]
. (3.9)
where instead of a tilde we have used a boldface character to denote the soft supergroup
manifold OSp(1|4). This supermanifold has ten bosonic and four fermionic coordinates,
namely (xµ, ηµν , θα). The coefficient α between the Einstein and Rarita-Schwinger is related
to the normalization of the gravitino 1-form ψ and will be fixed in a moment. The equations
of motion obtained by varying ωab, V a, and ψ are respectively:
ǫabcd
(
DV a + iα
8
ψ¯ γa ψ
)
∧ V d = 0, (3.10)
2Rab ∧ V cǫabcd − αψ ∧ γ5γdDψ = 0, (3.11)
2γ5γaDψ ∧ V a − γ5γaψ ∧ Tˆ a = 0 . (3.12)
As the equations of motion have to vanish identically when all the (super-)curvatures are
zero (fourth requirement), we see that we must set in the left hand side of Eq.(3.10) α = 4 in
order to have the super-torsion 2-form Tˆ a as defined in (3.4). With this value of α equation
(3.10) takes the form
Tˆ c ∧ V dǫabcd = 0 (3.13)
and we see that when all the supercurvatures are zero the equations of motion vanish iden-
tically.
To analyze the content of equations (3.11), (3.12) and (3.13) we expand the curvatures
2-forms along the basis µA ∧ µB . Let us first consider their components along the basis
2-form containing at least on ωab, namely (omitting the wedge symbol):
ωab ωcd; ωab V c; ωab ψ .
It is then immediate to see that the equations of motion give horizontality of all curvatures
Rab, Tˆ a, ρ in the Lorentz directions, namely
RA(ab)|(cd) = R
A
(ab)|c = R
A
(ab)|α = 0, (3.14)
exactly as in the pure gravity case. In this case, however, the supermanifold where the
theory lives has a base space the OSp(1|4)/SO(1, 3) that is the softened super-coset of the
vacuum OSp(1|4)/SO(1, 3). We identify OSp(1|4)/SO(1, 3) as the superspace ad will be
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denoted R(4|4). Superspace has now as coordinates xµ, θα, since the Lorentz coordinates
ηµν have been factorized.
However as the physical space-timeM4 is four-dimensional while superspace has four extra
fermionic dimensions, we are left with the same problem as in the bosonic case of pure grav-
ity, namely to construct a suitable action for a Lagrangian 4-form in the eight-dimensional
superspace. It is then natural to resort to the same procedure used for the pure gravity the-
ory. Namely we can identify the space-time with any four-dimensional bosonic hypersurface
M4 embedded in superspace. Indeed, as the Lagrangian is completely geometrical and it
does not contain the Hodge duality operator, the invariance under diffeomorphisms of the
Lagrangian allows arbitrary deformations of M4 in superspace. Therefore the equations of
motion, being independent of the particular hypersurface chosen, will hold on the full super-
space. This is completely analogous to the pure gravity case, the only difference being that
the diffeomorphisms on the bosonic group manifold have been replaced by diffeomorphisms
in superspace.13
Since we reduced ourselves to the study of a Lorentz invariant theory on superspace,
R(4|4), let us shortly describe the geometric structure of the theory in superspace .
Since the Lorentz coordinates have already been factorized, on R(4|4) the general base
of 1-forms is given by the set of super-vielbein EA, namely EA = (V a, ψα), where ψα,
α = 1, . . . 4, is the fermionic vielbein, that is a Majorana spinor 1-form named gravitino.
The action (3.9) is now reduced to the following form:
A = 1
4κ2
∫
M4⊂R(4|4)
[
Rab V c V dǫabcd + 4ψγ
5γaDψ V a
]
. (3.15)
Let us introduce for the sake of brevity the following notation. We denote by RA(p,q), A =
(ab, a, α), the components of the curvature along p bosonic vielbein V a and q fermionic
vielbein ψ. Moreover we call outer all the components were q 6= 0, that is those components
having at last one index along the ψ direction, while when q = 0, that is when the only non
vanishing components are along the bosonic vielbein, they will be called inner.
To analyze the equations (3.11), (3.12), and (3.13), now restricted to superspace, we
must expand the curvatures along a complete basis of 2-forms in superspace. In this case
we have
EA ∧ EB = {(V a V b); (V a ψα); (ψα, ψβ)}. (3.16)
Let us first work out equation (3.13). Expanding Tˆ a we have
Tˆ a = ˆ˜T abcV
b V c + H¯acψ V
c + ψ¯Ka ψ, (3.17)
where Tˆ a(1,1) = H
a
c is a spinor and K
a, defining the Tˆ a(0,2) component, is proportional to a
gamma matrix in four dimensions. Considering equation (3.13), one easily conclude that
the components of Tˆ a(1,1) must be zero, while Tˆ
a
(0,2) would only change the normalization of
the gravitino 1-form in the definition (3.4), so we can put them also to zero. Then, equation
(3.13) restricted to the V V (Tˆ a(2,0)) components has exactly the same form as in the pure
gravity case, that is (2.16), provided we replace T a with Tˆ a. Note, however, that in this case
13If the factorization of the Lorentz coordinates have not yet been implemented then we deform
the hypersurface M4 on the full graded group manifold as it was done in the pure gravity case.
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solving for the spin connection ωabµ with the usual procedure gives a spin connection which
depends not only from the vielbein and their derivatives, but also from gravitino bilinears.14
With exactly the same computations as those made for pure gravity, one easily obtains the
vanishing of the ˆ˜T abc components and therefore the whole super-torsion 2-form is zero.
In the same way, in order to solve the equations (3.11) and (3.12) we expand the curvatures
ρ and Rab along a complete basis of 2-forms in superspace. As Tˆ a = 0 the equation (3.12)
takes the form
γaDψ V a = 0 (3.18)
and expanding ρ ≡ D ψ as
ρα = ρ˜αabV
a V b +Haψ
α V a +Ωαβψ
α ψβ , (3.19)
where, for the sake of clarity, we have made the spinor index explicit. From equation (3.18)
one easily realizes that Ha = Ωαβ = 0, so that the 2-form ρ has only components ρ(2,0) on
the cotangent space of M4, namely
ρ = ρ˜abV
a V b . (3.20)
We warn the reader that since we are now in superspace the rigid indices cannot be traded
with coordinate indices using the bosonic vierbein V aµ . Indeed, the full set of supervielbein
is now given by EA = (V a, ψα) and we should invert the matrix EAµ to find the space time
components. This is in fact the reason why we have denoted with a tilde the components of
the supercurvatures along two bosonic vierbein. A simpler way to find the space components
is to project the equations on the space -time basis dxµ∧dxν . For example from Eq. (3.19),
projecting on the space-time basis we obtain
ραµν = ρ˜
α
abV
a
µ V
b
ν +Haψ
α
µ V
a
ν +Ωαβψ
α
µ ψ
β
ν . (3.21)
where the indices µν are undestood to be antsymmetric. We see that the tilded components
of ρ˜µν differ from the the real space time components ρµν by terms in the gravitino fields,
namely outer terms. They are commonly named in the literature as supercovariant field
strengths.15 However, in our case, as far the Tˆ a and ρ curvatures are concerned, we can
easily convert rigid Lorentz indices in world indices as usual, since in the present case
they do not have outer components (V ∧ψ) and (ψ∧ψ). Then, for the components of the
aforementioned curvature 2-forms we can neglect the tilde symbol. Instead, as we will see in
a while and further discuss in the sequel, the space-time components of the Lorentz curvature
do not coincide with the components along (V c ∧ V d) expanded along the differentials of
the coordinates.
Indeed, expanding Rab,
Rab = R˜abcdV
c V d + Θ
ab
c ψ V
c + ψ¯Kabψ, (3.22)
from equation (3.11) we find
Θ
ab
c = −ǫabrsρ¯rsγ5γc − δ[ac ǫb]mstρ¯stγ5γm (3.23)
14See e.g. reference.5
15The name supercovariant means that their supersymmetry transformation law does not contain
derivatives of the supersymmetry parameter ǫα.
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and Kab = 0.
Note that the value for the outer component ofRab(1,1) = Θ
ab
c ψ V
c given in (3.22) is written
in terms of the components of the gravitino curvature along V a V b, namely ρab. Thus an
outer component of the Lorentz curvature 2-form is linearly expressed, on-shell, in terms
of the inner components of the fermionic curvature ρ. This property is called rheonomy
and will be discussed more generally in the following. Physically it just means that no new
degree of freedom is introduced in the theory other than those already present on space-time.
Actually, if rheonomy is assumed a priori, and we take advantage of the fact that all the
coefficients in the expansion along the supervielbein must give rise to terms with same scale
as the corresponding curvatures, then one easily recognizes that the previous results for the
outer components of the curvature multiplet are easily recovered (as for the possibility to
have dimensional constant, see footnote 8). In conclusion, the solution of the equations of
motion (3.10), (3.11), (3.12) for the outer and inner projections of the curvature multiplet
gives:
Rab = R˜abcdV
c V d +Θ
ab
c ψ V
c, (3.24)
Tˆ a = 0, (3.25)
ρ = ρabV
a V b . (3.26)
Finally, inserting the parameterizations (3.24), (3.25), (3.26) in the equations of motion
(3.10), (3.11), (3.12), we find that the components of the equations of motion along V a V b V c,
that is RA(3,0), give the space-time equations of motion:
R˜ambm −
1
2
δab R˜
mn
mn = 0, (3.27)
Tˆ amn = 0, (3.28)
ǫmnrsγ5γsρmn = 0. (3.29)
To find the relation between the components on space-time of these equations, as ob-
served before instead of inverting the supermatrix EAα we project the equations (3.24),
(3.25), (3.26) on the space-time 2-form differentials dxµ ∧ dxν . We obtain
Rabµν = R˜
ab
cdV
c
µ V
d
ν +Θ
ab
c ψ[µ V
c
ν], (3.30)
Tˆ aµν = Tˆ
a
bcV
b
µ V
c
ν , (3.31)
ρµν = ρabV
a
µ V
b
ν . (3.32)
We have already seen that the space-time components of Tˆ a and ρ curvatures are obtained
as usual converting rigid indices in curve ones using the bosonic vierbein V aµ since their
parametrization does not contain ψ fields. Instead the space-time components of the Lorentz
curvature expanded along the differentials of the coordinates, namely Rabµν do not coincide
with the components along (V c ∧ V d). In fact writing equation (3.30) as
R˜abµν = R
ab
µν −Θ
ab
c ψ[µ V
c
ν], (3.33)
where R˜abµν ≡ RabcdV cµ V dν , we see that the Einstein equation of motion, written in terms of
the R˜abµν , contains extra terms linear in the inner components ρrs≡ρµν V µr V νs . These terms
give rise to the energy-momentum tensor of the gravitino field ψµ.
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3.2. Invariance of the Lagrangian.
Let us now check the supersymmetry invariance of the Lagrangian. In the geometric ap-
proach, the supersymmetry invariance of the Lagrangian is expressed by the vanishing of the
Lie derivative of the Lagrangian for infinitesimal diffeomprphisms in the fermionic directions
of superspace. Using the Lie derivative with a tangent vector ~ǫ = ǫα ~Dα, where ~Dα is the
tangent vector dual to ψβ , we must have
δǫL ≡ ℓǫL = ιǫdL = 0, (3.34)
where we have discarded the total derivative term d(ιǫL) and other possible exact 4-forms
on the right hand side as we are assuming that the fields vanish at infinite so that any exact
form does not contribute to the action.16 Taking into account the definition (3.4), a simple
computation gives
dL = 2Rab Tˆ c V dǫabcd + iRabψ¯ γcψ V dǫabcd +
+4ρ¯ γ5γaρV
a + ψ¯γ5γc γabψR
ab V c − 4ψ¯γ5γaρ Tˆ a − 2 iψ¯γ5γa ρψγaψ, (3.35)
where we have used the Bianchi identities and ιǫψ = ǫ, ιǫV
a = 0. Using the Fierz identity for
1-form spinors γaψψ¯ γa ψ = 0, (see reference
5) and performing the gamma matrix algebra,
one finds:
dL = Rab Tˆ c V dǫabcd + ρ¯γ5γaρV a − 4ψ¯γ5γaρTˆ a . (3.36)
Finally, contracting with the tangent vector ǫα ~Dα, we obtain
ι~ǫ dL = 2(ιǫRab) Tˆ c V dǫabcd + 2Rab(ιǫ Tˆ c)V dǫabcd+8(ιǫρ¯)γ5γaρV a
−4ǫ¯γ5γaρ Tˆ a − 4ψ¯γ5γa(ιǫρ)Tˆ a−4ψ¯γ5γaρ(ιǫ Tˆ a) = d(3− form). (3.37)
From (3.37) we see that we can have an invariant action if we require constraints on the
components of the curvatures. Indeed, if we set
ιǫT
a = 0; ιǫρ = 0 (3.38)
and furthermore
2
(
ιǫR
ab
)
V d ǫabcd + 4ǫ¯γ
5γcρ = 0 . (3.39)
we find δǫL = 0, that is invariance of the Lagrangian under supersymmetry.
We note that the requirements (3.38) and (3.39) are the same of the on-shell constraints
(3.25) and (3.26) found from the equations of motion. In particular (3.39) gives the solution
ιǫR
ab = ǫ¯Θabc V
c, (3.40)
where Θabc has been defined in equation (3.23).
In other words we retrieve exactly the same constraints on the curvatures as those found
from the equations of motion.
We conclude that the supergravity Lagrangian is invariant under (local) supersymmetry
transformations when the superspace curvatures are defined by the equations (3.24)-(3.26).
However, this restricted form of the curvatures in superspace imply that the supersym-
metry transformations given below leaving the Lagrangian invariant do not form a closed
16Note that the left hand side of equation (3.34) is not zero since we are now in the (4+4)-
dimensional superspace.
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algebra, unless one uses the equations of motion.17 This is best understood looking at the
supersymmetry transformation laws.
Indeed, since we have found the on-shell value of the curvatures, we may apply the Lie
derivative formula (2.30) to write down the superspace diffeomorphisms of the gauge fields
ωab, V a, ψ using a generic tangent vector ~ǫ = ǫabDab + ǫ
aDa + ǫ
αDα, where the tangent
vectors DabDa, Dα are dual to the gauge field 1-forms ω
ab, V a, ψα. We find:
δǫω
ab = (∇ǫ)ab + ǫrV sRabrs +Θ
ab
r ψǫ
r +Θ
ab
r ǫV
r, (3.41)
δǫV
a = (∇ǫ)a, (3.42)
δǫψ
α = (∇ǫ)α + ǫrραrsV s. (3.43)
Restricting ourselves to the Lie derivative along the fermionic supersymmetry parameter ǫ
only, that is setting ǫab = ǫa = 0, we have
δǫω
ab = (∇ǫ)ab +Θabr ǫV r, (3.44)
δǫV
a = (∇ǫ)a, (3.45)
δǫψ
α = (∇ǫ)α. (3.46)
Here the symbol ∇ denotes the gauge covariant derivative of the coadjoint multiplet of
OSp(1|4). The Lorentz content of the gauge covariant derivative when acting on the
OSp(1|4) adjoint multiplet can be read off directly from the Bianchi identities (3.8). Indeed
both the parameters ǫA and the curvatures are in the coadjoint multiplet of the supergroup.
Therefore:
δ(gauge)ǫ ω
ab = (∇ǫ)ab = Dǫab, (3.47)
δ(gauge)ǫ V
a = (∇ǫ)a = Dǫab + ǫabVb − iψ¯γaǫ, (3.48)
δ(gauge)ǫ ψ = (∇ǫ) = Dǫ −
1
4
ǫabγabψ, (3.49)
where D denotes the Lorentz covariant derivative. Setting again ǫab = ǫa = 0 and substi-
tuting in (3.44), (3.45), (3.46) we find the final form of the supersymmetry transformations:
δǫω
ab = Θ
ab
r ǫV
r (3.50)
δǫV
a = −iψ¯γaǫ, (3.51)
δǫψ = Dǫ . (3.52)
Now we recall that the Lie derivative along tangent vectors T˜A satisfy an algebra iso-
morphic to the Lie algebra of the vector fields [T˜A, T˜B] =
(
CABC +R
A
BC
)
T˜C , namely
[ℓT˜A , ℓT˜B ] = ℓ[T˜A,T˜B ], (3.53)
if the supercurvatures RABC are completely general, that is if they do not satisfy any con-
straint. In our case they satisfy the constraints (3.24)-(3.26) and in general the Lie derivative
17As it is well known there exist theories in D = 4 and D = 5 which admit auxiliary fields, that is
fields that added to the coadjoint supermultiplet make the supersymmetry transformations, besides
leaving the Lagrangian invariant, to close the supersymmetry algebra off-shell . This is related to
the fact that their introduction pairs the number of off-shell degrees of freedom between boson and
fermions. Moreover they are not dynamical as their equations of motion make them to vanish.
However, it does not seem possible to extend their introduction to higher-dimensional theories nor
to matter coupled supergravities. Therefore we do not treat them in this short review.
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algebra, namely the algebra of supersymmetry transformations, cannot close off-shell.18 Ac-
tually, as will be discussed in subsection 3.3, requiring that the Bianchi identities on the
constrained curvatures be satisfied, one finds that their components on the bosonic cotangent
plane RArs satisfy the equations of motion of the theory. It follows that the supersymme-
try algebra of the transformations leaving the Lagrangian invariant, associated to the two
tangent vectors ǫαDα, will in general only close on-shell, that is, only if the equations of
motion are satisfied.
3.3. Supersymmetry as Diffeomorphisms in Superspace and Rheonomy.
Let us now discuss the results obtained so far.
• Even if the supercurvatures Tˆ a and ρ, equations (3.25) and (3.26), respectively,
have no components along the fermionic vielbein ψ, a non-vanishing component
along ψ∧V a does appear in the on-shell value of the Lorentz supercurvature, that is
(3.23). This is sufficient to exclude factorization of the odd fermionic coordinates.
Indeed its presence makes the supersymmetry transformation a diffeomorphism in
superspace and not a gauge transformation.
It must also be noted that the absence of such fermionic components in the (on-
shell) gravitino curvature ρ implies that the supersymmetry variation of ψ, given
in equation (3.52), makes the transformation of the gravitino gauge field the same
as if the Lagrangian were invariant under supersymmetry gauge transformations.
However, as the supersymmetry transformations of the Lagrangian do not close
an algebra, the gravitino transformation law is actually a diffeomorphism, and the
Lagrangian cannot be a true gauge symmetry because of the absence of factorization,
as we have previously shown.19
The point is that such behavior of the gravitino transformation law is due to the very
simple form of the minimalN = 1,D = 4 pure supergravity. Any other supergravity
with N > 1 or D > 4 or even the same theory N = 1, D = 4 coupled to matter
multiplets exhibits a gravitino curvature with components ρ(1,1) 6= 0 so that the δǫψ
will have, besides the Lorentz covariant derivative of the supersymmetry parameter,
also terms along ψ ∧ V a.
As an example, let us consider N = 2, D = 4 pure supergravity. Here the
supergroup is OSp(2|4). The coadjoint gauge supermultiplet is now given by
µA = (ωab, V a, ψA,A), where A is a U(1) gauge field 1-form and the index A
enumerates the gravitinos in the two-dimensional representation of SO(2). The def-
inition of the associated supercurvatures are obtained as always starting from the
Maurer-Cartan equations dual to the algebra of the (anti-)commutation generators
and deforming the left-invariant 1-forms into non left-invariant ones. Without giv-
ing the derivation, we write, besides the definitions of the supercurvatures on the
left hand side, also their on-shell parametrization as found from the analysis of the
18Unless the constraints coincide with horizontality of the full set of curvatures as it happens for
the Lorentz gauge invariance.
19Note that if the Lagrangian were invariant under supersymmetry gauge transformations the
superfields would only depend on the xµ coordinates.
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equations of motion:
Rab ≡ dωab + ωacωcb
= R˜abcdV
cV d +Θ
ab
A|cψ
AV c − ψ¯A
(
F ab + i∗F abγ5
)
ψBǫ
AB, (3.54)
Tˆ a ≡ DV a − i
2
ψ¯Aγψ
A = 0, (3.55)
F ≡ F + ǫABψ¯AψB = FabV aV b, (3.56)
ρA ≡ DψA = ρ˜A|abV aV b +
(
γa Fab + iγ
5γa∗Fab
)
ǫABψ¯
BV b, (3.57)
where F = dA and F is the supercurvature, and ∗Fab is the Hodge dual of Fab.
The important thing to note is that the parametrization of the curvature 2-forms
given by the equations of motion are all given in terms of their inner components,
namely R˜abcd, ρ˜A|ab, and Fab (Tˆ
a
bc is zero).
20
Since the on-shell values of the supercurvatures is known, the supersymmetry trans-
formation laws of the coadjoint supermultiplet, now containing also A, can be ob-
tained at once from the general formula (2.29). Looking at the Lie derivative for-
mula, we see that the transformation laws of the multiplet of fields can be simply
obtained performing the contraction of the on-shell curvatures with respect to the
tangent vector ǫ¯ D and adding to the gravitino transformation the Lorentz covariant
derivative of the supersymmetry parameter as it happens in the OSp(1|4) case. We
find:
δǫω
ab = Θ
ab
A|rǫ
AV r, (3.58)
δǫV
a = −iψ¯AγaǫA, (3.59)
δǫψA = DǫA + i ǫABF abV bγaǫB + i 1
2
ǫABǫabcdF
cdV bγ5γaǫB, (3.60)
δǫA = 2ǫABψ¯A ǫB. (3.61)
From this example we see that in general not only the Lorentz curvature Rab,
but also the other supercurvatures have non-vanishing components along the ψ-
directions.
• We can now resume our analysis in the following way:
Supersymmetry can be interpreted geometrically as the requirement that the super-
space equations of motion imply that the outer components of the super-curvatures
are expressible algebraically (actually linearly) in terms of the components along two
inner vielbein. As already mentioned this property has been called rheonomy. Note
that rheonomy is just a geometrical interpretation of supersymmetry originally in-
troduced on space-time. Explicitly, the occurrence of rhenomy can be written as
follows:
RAαC = C
A|mn
αC|B R
B
mn, (3.62)
where C
A|mn
αC|B are suitable invariant tensors of the supergroup SG˜ defining the ba-
sic superalgebra on which the theory is constructed, SG˜=OSp(1|4) in our case.
The geometric meaning of this property can be better understood if we use the
20Note that Fab has no tilde since F has components only along V
a V b.
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Lie derivative formula (2.30) in superspace. Inserting (3.62) in the Lie derivative
formula (2.30) for a supergroup SG˜ we obtain:
δµA = (∇ǫ)A + 2ǫ¯ CA|mnαC|B RBmn. (3.63)
On the other hand, the Lie derivative can be interpreted either from the passive or
from the active point of view. From the passive point of view the supersymmetry
transformation along the ǫα = δθα parameter is interpreted as the lift from a given
M4 to an infinitesimally close M′4 which does not change the physical content of
the theory, since it is described by the same Lagrangian after a supersymmetry
transformation (and a Lorentz gauge transformation) has been made.21 From the
active point of view, however, it transforms a given configuration onM4, which we
can take as space-time, setting θα = δθα = 0, to another physically equivalent con-
figuration on the same space-time hypersurface. This property allows us to restrict
the theory, the Lagrangian, and the equations of motion to any such arbitrarily
chosen hypersurface M4 (θα = dθα = 0) embedded in superspace and identified
with space-time.
One can now appreciate why we have illustrated in detail the mechanism of the Lorentz
coordinate factorization in the gravity case defined on the Poincare´ manifold.
Actually the interpretation of the rheonomy mechanism just illustrated is quite analogous
to the interpretation of Lorentz transformations for gravity constructed directly on a group
manifold. Indeed, in the case of pure gravity, we have seen that a transfer of information
from anyM4 ⊂ G˜ to any otherM′4 ⊂ G˜ implies a SO(1, 3) transformation or, equivalently,
a change of Lorentz configuration on the fixed space-time hypersurface.
On the other hand,in our example of N = 1, D = 4 supergravity, besides deducing the
factorization of the Lorentz coordinates exactly as in the pure gravity case, we have further
illustrated that the equations of motion allow us to deduce that the transfer of information
concerns not only Lorentz gauge transformations but, what is our main goal, also supersym-
metry.
However the difference between SO(1, 3) transformations and supersymmetry is that in the
first case, due to the horizontality of the curvatures in the Lorentz directions, ωab the super-
group G˜ acquires the structure of the fiber bundle [G˜/H,H], and the Lie derivative reduces
to a Lorentz gauge transformation. On the other hand, in the case of supersymmetry, cur-
vatures are not horizontal along the ψ gauge fields and the Lie derivative gives the geometric
interpretation of supersymmetry. Actually, it is the rheonomic mechanism one is interested
in, and in fact, quite generally, in the construction of any supergravity theory the fiber bun-
dle structure with a Lorentz fiber is assumed a priori as it can be considered of academic
interest to obtain it from the variational principle.. In a way, restricting a supergravity the-
ory to a factorized superspace G˜/SO(1, 3) includes on a M4 slice, identified as space-time,
all possible supersymmetry related Lagrangians.
In conclusion, the entire physics is contained in any single M4 or, equivalently, the
supersymmetry transformations relate the fields on M4 to the fields on any other subman-
21The passive interpretation of the Lie derivative explains the world rheonomy given to this geo-
metrical interpretation of supersymmetry. Indeed, referring to the liftM4 →M
′
4, in ancient G˜reek
“rhein” means flow and “nomos” means law.
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ifold M′4. It must be kept in mind that, since supersymmetry is a Lie derivative (super-
diffeomorphism) in superspace, it is not a gauge symmetry. Indeed, as we have seen, its
algebra does not even close off-shell.
3.4. Building Rules of a General Lagrangian.
Our previous detailed examples give us simple rules for the construction of a general (geo-
metric) Lagrangian in D dimensions:
• Starting from the Cartan-Maurer equations of a supergroup one defines the super-
curvatures of the supergroup on which the theory is based. More precisely one
writes the dual form of its super-Lie algebra and deforms the left-invariant 1-forms
so that we can define the super-curvatures.
• The Lagrangian must be a D-form built in terms of the 1-form gauge fields µA and
their curvatures RA. It must contain the Einstein term RabV c1 . . . V cD−2ǫabc1...cD−2
whose scale is [LD−2]. All the other terms should also scale as the Einstein term.
At this point the Lagrangian contains a set of undetemined coefficients wich will be
fixed from the superspace equations of motion.
• The Hodge operator must be absent; the kinetic terms of scalar and vector fields
must be written in first order formalism, as shown in the example of Section 2.1.
• All the possible terms satisfying the previous requirements must be present.
• If gauge invariance under an H subgroup of G˜ is imposed a priori, where H is
the gauge group of the theory containing the Lorentz group as a factor H =
SO(1,D−1)⊗H′, the action is obtained by integrating the Lagrangian on a (bosonic)
hypersurface embedded in superspace, defined as the Deformed coset G˜/H.22 Alter-
natively, we could start integrating on the whole G˜ and obtaining the factorization
of the coordinates of H as field equations. Since factorization of the gauge group
H is actually always true if the Lagrangian is H-invariant, the customary way to
proceed is to start with a H invariant Lagrangian on superspace G˜/H.
• The field equations must reduce to identities if all the curvatures are zero, that is
if we are in the vacuum configuration with left-invariant1-forms µA = σA.
The field equations derived from such Lagrangian give equations of two types:
i Field equations relating outer components of the curvatures linearly in terms of the in-
ner ones. These are the rheonomic conditions equivalent to saying that the Lagrangian
is supersymmetric. Indeed as we have seen supersymmetry is an invariance of the La-
grangian under diffeomorphisms in superspace and the the rhenomic relations simply
express the fact that the theory is independent of the space-time identification of the
hypersurface MD embedded in superspace. Note that in solving these equations all
undetermined coefficients of the various terms become fixed.
22Indeed in most supergravity theories we may have a larger group of gauge invariance other than
the Lorentz one. When this happens, and we want to start from the full supergroup manifold, the
factorization of the extra coordinates belonging to H′ can be obtained from the action principle
exactly as for the Lorentz group coordinates.
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ii Field equations which are differential equations in superspace. Restricted to the bosonic
hypersurface MD they are the space-time equations of motion.
3.5. The Role of the Bianchi Identities.
Till now we have extensively explained how to give a geometrical interpretation to the
supersymmetry transformations of supergravity either constructed on superspace, when
factorization of the Lorentz coordinates is assumed a priori, or directly starting from the
group manifold locally identified by the underlying supersymmetry algebra.
There is however an equivalent and powerful approach to the construction of the equations of
motion and transformation laws which is based on a systematic use of the Bianchi identities
assuming rheonomy from the very beginning.
To understand this point we note that the Bianchi identities are true identities only if
no constraint is assumed among the supervielbein components of the curvatures. However
what rheonomy does is exactly to give relations among the outer components RAB,α (those
along at least one fermionic vielbein ψ) and inner components RAab (namely the components
on the cotangent space to space-time). Moreover, in almost any case, one also assumes
a further constraint called kinematical constraint, namely vanishing super-torsion Tˆ a = 0.
The Bianchi identities then assume the form of differential constraints among the space-time
components. These differential constraints, on the other hand, can be nothing else than the
equations of motion, since Bianchi identities cannot conflict with the differential equations
obtained from the Lagrangian. Once the field equations are obtained, the Lagrangian, if
desired, can be easily reconstructed. In the actual computations one usually couples the two
methods, namely the Lagrangian approach and the Bianchi identities equations, to arrive
in the simplest way to the final determination of the parametrization of the curvatures in
superspace (and thus to the supersymmetry transformation laws) and to the determination
of all the coefficients in the Lagrangian.
4. Results of the Geometric Approach. Some Remarks.
Most of the previous considerations have been dedicated to the geometrical interpretation
of supersymmetry and to the explicit geometric construction of a supergravity theory. A
natural question is now what has been the impact of this kind of approach from the physical
point of view. We cannot of course enter in a detailed exposition of the results obtained
from the very beginning till nowadays. We limit ourselves to give some remarks and observa-
tions concerning its power in treating higher dimensional supergravities and matter coupled
theories containing antisymmetric tensor fields, together with some unexpected properties
of superspace. As far as the most relevant results obtained in the geometric approach is
concerned, we limit ourself to give a short list of them in the Appendix. Here is a couple of
short and hopefully interesting comments:
.
• Among the most interesting results there is certainly the reduction of theories con-
taining antisymmetric tensors to equivalent theories formulated in terms of super-Lie
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algebras. This result was obtained in reference2 from the analysis of the geometri-
cal formulation of D = 11 supergravity formulated on space-time in reference6. As
D = 11 supergravity is thought to be the low energy limit of the so-calledM -theory,
this result can have a special relevance for a better understanding of the group the-
oretical structure of M -theory. Because of its importance, we shall devote the next
section to a short review of this approach in the case of D = 11 supergravity.
• It is undeniable that the systematic use of the geometric and group-theoretical
approach has been an essential tool to obtain many other interesting results. For
example, we can say that, in general, the introduction of matter coupling to pure
supergravities allows to put in light the global and local symmetries inherent non-
linear interaction structure of the coupling to matter multiplets. Indeed very often
the use of the geometrical approach has allowed to arrive to a complete answer to
problems where other approaches often had given only limited answers.23
A typical example was the full construction of the N = 2, D = 4 matter cou-
pled supergravity5, 8, 9, which was previously formulated using the superconformal
approach in a coordinate dependent way.10 The geometrical approach provides a
complete Lagrangian and transformation laws quite independently of the coordinate
used for the scalar fields description of the σ model and it makes the introduction
of the notion of Special G˜eometry, the geometry of the Special and Quaternionic
manifolds, the momentum maps and the related gaugings, together with a complete
description of the scalar potential, very natural. These results also give insight into
the related superconformal two-dimensional theories and Calabi-Yau compactifica-
tions in string theory. Further developments are also to be found in reference.7
• Another interesting observation is the following: The geometric approach discussed
in this pedagogical review is naturally formulated in superspace. One could ask
wether this approach is exactly equivalent to the purely space-time approach. This
seems not be the case in some theories, like N = 1, D = 611, and D = 10, IIB.12
In the D = 6 supergravity the field multiplet contains the sechsbein, a Weyl grav-
itino, and a 2-form (that is an antisymmetric two-index tensor), it was shown that
a consistent theory on the group manifold might have no counterpart in the usual
Noether approach. In our geometricD = 6 superspace model, the self-duality of the
2-form field-strength, necessary to match the Bose-Fermi on-shell degrees of free-
dom, follows from group manifold/superspace variational equations, but not from
their x-space restriction. As a consequence, the theory is consistent, although the
x-space Lagrangian is not supersymmetry invariant. Exactly in the same way can
be treated the D = 10, IIB theory, so that also in this case the self-duality of the
5-form can be retrieved from the superspace equations of motion. These results
hint to extra properties of superspace which can be traded on the embedded hyper-
surface M4 only after the superspace equations of motion have been implemented,
that is they are not visible using a purely space-time approach.
23Most of these developments and results can be found in the excellent review.7
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5. Higher p-Forms Supergravities and their Hidden Supergroups.
We have often stressed that the mechanism of rheonomy actually holds in all supergravities,
independently of the number of supersymmetries, the dimensionality of space-time, and
their matter couplings, if any. However, apart from few exceptions, most of the higher
dimensionality theories have a gravitational multiplet containing antisymmetric tensors of
higher rank, mostly of rank two. Similarly, matter supermultiplets also can have higher rank
tensors. In these cases the group manifold interpretation presented before as a possible
starting point for supergravities whose fields are defined on a group manifold cannot be
maintained. Indeed the coadjoint multiplet of a (super-) group consists of 1-forms dual to
the group generators, with no room for higher p-forms.
In the present section we will show, referring mainly to the case of D = 11 supergravity
where this development was first presented,2 that:
• The Maurer-Cartan equations can be generalized to more general structures, called
Free Differential Algebras (FDAs), admitting in their multiplet also forms of de-
gree higher than one. They represent a natural extension of Lie algebras in their
dual formulation and can accommodate supermultiplets containing higher p-forms
satisfying the integrability requirement d2 = 0.
• Each higher p-form A(p) can be decomposed in terms of a set of trilinear (wedge)
products of p 1-forms, where besides the supervielbein basis (V a , ψ) there ap-
pear new 1-forms valued in tensor or spinor representations of the Lorentz group.
The new 1-forms obey extra Maurer-Cartan equations, besides those of the super-
Poincare´ group. The decomposition can be done in such a way that the coefficients
of the polynomial written as a sum of products of p 1-forms assure the integrability
of the original FDA equation for the p-form A(p).
• Together with the super-Poincare´ dual generators, the new Maurer-Cartan equa-
tions describe the dual form of a new super-Lie algebra which, at least locally,
describes a group manifold called the hidden supergroup of the FDA which in a
sense can be considered as the group-theoretical starting point for a construction of
the supergravity theories possessing higher p-forms in their gravitational multiplet.
• Among the new 1-forms needed to assure that the given decomposition reproduces
the integrable equation of the FDA, there appear extra spinor 1-forms (one in the
case of D = 11 supergravity) whose dual generators Q′α in the Lie superalgebra
are nilpotent. Their role, as recently clarified13, 14, is to assure that the new 1-
form fields thus introduced are gauge fields living on the fiber bundle whose base
space is ordinary superspace, so that their dependence on the new coordinates are
completely factorized. This means that their curvatures are horizontal and do not
add new degrees of freedom other than those already present in the original FDA.
This property works exactly in the same way for all higher dimensional theories
with D < 11 whose gravitational multiplet contain antisymmetric tensor fields, for
example in N = 2, D = 7 supergravity where two such nilpotent spinor generators
are present.
These results were obtained in2 by R. D’Auria and P. Fre´ in the case of the maximal
May 29, 2020 2:9 World Scientific Reprint - 10in x 7in Reggemio page 27
27
D = 11 supergravity trying to give a fully geometrical interpretation of the space-time
formulation of the theory.6 Indeed, in this theory there appears an antisymmetric tensor
of rank three in the gravitational multiplet. In their approach, R. D’Auria and P. Fre´
introduced for the first time the generalization of the Maurer-Cartan equations for integrable
systems containing higher p-forms which they called Cartan Integrable Systems (CIS). Only
later it was realized that structures of this kind were already introduced in mathematics
and called Free Differential Algebras15, which is the name now universally accepted.
Even if we shall not give any account of the underlying mathematics, it must be said
that the relation between the FDA and groups or supergroups relies on the Chevalley-
Eilenberg (super)-Lie algebra cohomology groups. The procedure we previously alluded to
of decomposing a higher p-form in a polynomial of Lorentz valued 1-forms is the inverse of
the construction of a FDA starting from a (super-)Lie algebra, which, as far as I know, was
not treated in the Lie algebra cohomology theory.
In the following, we give a short account of the FDA of D = 11 supergravity and its
resolution as a hidden ordinary Lie supergroup.
6. Free Differential Algebra and Hidden Supergroup of D = 11 Super-
gravity.
Eleven-dimensional supergravity can be founded on the following FDA:
Rab ≡ dωab − ωac ∧ ω bc = 0 , (6.1)
T a ≡ DV a − i
2
Ψ ∧ ΓaΨ = 0 , (6.2)
ρ ≡ DΨ = 0 , (6.3)
F (4) ≡ dA(3) − 1
2
Ψ ∧ ΓabΨ ∧ V a ∧ V b = 0 , (6.4)
F (7) ≡ dB(6) − 15A(3) ∧ dA(3) − i
2
Ψ ∧ Γa1...a5Ψ ∧ V a1 ∧ · · · ∧V a5 = 0 . (6.5)
Note that this differential system is an extension of the usual Maurer-Cartan equations and
as such it only describes the structure of the physical vacuum of the theory.
In our case the super-Poincare´ Maurer-Cartan equations in D = 11 with the addition of the
higher order differential of the 3-form A(3) and 6-form B(6).24
The consistency of the FDA requires the integrability of the last two equations, d2A(3) = 0,
d2B(6) = 0. It can be shown that this is in fact satisfied as a consequence of 3-fermion Fierz
identities obeyed by the gravitino 1-form field in eleven dimensions (see e.g. reference5).25
24In the original paper the last equation (6.5) was not present. Actually, it was almost immediately
realized (see e.g. reference,5 Vol. 2) that, besides the simplest FDA including as exterior form
only A(3), one can extend the FDA to include also a (magnetic) 6-form potential B(6), related
to A(3) by Hodge-duality of the corresponding field-strengths on space-time. Indeed there is a
constructive procedure based on the Chevalley-Eilenberg Lie algebra cohomology to arrive to the
maximal extension of the super-Poincare´ algebra given by the FDA which implies as a maximal
extension the presence of the B(6).5
25Note that here and in the following we do not elaborate on the theory out of vacuum, namely the
interacting theory, since the topological (and cohomological) structure of the theory, which will be
the object of the present investigation, is fully caught by the ground state of the FDA.
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The authors of2 asked themselves whether one could trade the FDA structure on which
the theory is based with an ordinary Lie superalgebra, written in its dual Cartan form, that
is in terms of 1-form gauge fields which turn out to be valued in non-trivial tensor and spinor
representations of Lorentz group SO(1, 10). This would allow to disclose the fully extended
Lie superalgebra hidden in the supersymmetric FDA. This was proven to be true, and the
hidden superalgebra underlying the FDA describing D = 11 supergravity was presented for
the first time.
It was shown that this is indeed possible by associating, to the forms A(3) and B(6), the
bosonic 1-forms Bab and Ba1···a5 , in the antisymmetric representations of SO(1, 10), and
furthermore an extra spinor 1-form η. The Maurer-Cartan equations satisfied by these new
1-forms are:
DBa1a2 =
1
2
Ψ ∧ Γa1a2Ψ, (6.6)
DBa1...a5 =
i
2
Ψ ∧ Γa1...a5Ψ (6.7)
Dη = iE1ΓaΨ ∧ V a + E2ΓabΨ ∧Bab + iE3Γa1...a5Ψ ∧Ba1...a5 , (6.8)
D being the Lorentz-covariant derivatives. Of course the whole consistence of this approach
also requires the d2 closure of the Maurer-Cartan newly introduced fields Bab, Ba1···a5 and
η. For the two bosonic 1-form fields the d2 closure is obvious in the ground state, because
of the vanishing of the curvatures Rab and ρ = Dψ, while D2η = 0 requires the further
condition:
E1 + 10E2 − 720E3 = 0 , (6.9)
which can be derived using the Fierz identities of the wedge product of three gravitino 1-
forms in superspace.2
In reference2 the most general decomposition of the 3-form A(3) in terms of the 1-forms Bab,
Ba1...a5 and η was presented. It has the following form:
A(3) = T0Bab ∧ V a ∧ V b + T1Bab ∧Bbc ∧Bca +
+ T2Bb1a1...a4 ∧Bb1b2 ∧Bb2a1...a4 + T3ǫa1...a5b1...b5mBa1...a5 ∧Bb1...b5 ∧ V m +
+ T4ǫm1...m6n1...n5B
m1m2m3p1p2 ∧Bm4m5m6p1p2 ∧Bn1...n5 +
+ iS1ΨΓaη ∧ V a + S2ΨΓabη ∧Bab + iS3ΨΓa1...a5η ∧Ba1...a5 , (6.10)
where Ti and Sj are numerical coefficients. To show the equivalence of the FDA with a
ordinary super-Lie algebra (in dual form) it is required that the integrability condition in
superspace of the 3-form, dA(3), computed in terms of differentials of the new 1-forms gives
the same results as in the case of equation (6.4), namely dA(3)− 12Ψ∧$G˜ammaabΨ∧Va∧Vb =
0. To obtain such integrability the extra terms containing the currents involving the extra
spinor 1-form η turn out to be necessary. The Ansatz (6.10) restricted to the bosonic 1-
forms does not work. In other words the inclusion of the spinor 1-form field η enters in the
decomposition of the 3-form A(3) in such a way to properly reproduce the vacuum FDA on
ordinary superspace.
When the integrability is implemented all the coefficients in the decomposition become
fixed in terms of the ratio E3/E2.
26
26In2 the first coefficient T0 was arbitrarily fixed to T0 = 1 giving only 2 possible solutions for the
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In this way, one arrives at the following full set of Maurer-Cartan equations for the
left-invariant 1-forms (ωab , V a , ψ ,Bab , Ba1...a5 , η):
dωab = ωac ∧ ω bc , (6.11)
DV a =
i
2
Ψ ∧ ΓaΨ, (6.12)
DΨ = 0, (6.13)
DBa1a2 =
1
2
Ψ ∧ Γa1a2Ψ, (6.14)
DBa1...a5 =
i
2
Ψ ∧ Γa1...a5Ψ, (6.15)
Dη = iE1ΓaΨ ∧ V a + E2ΓabΨ ∧Bab + iE3Γa1...a5Ψ ∧Ba1...a5 . (6.16)
This set of Maurer-Cartan equations identifies the supergroup which is (locally) described, as
anticipated, by the hidden super-Lie algebra underlying the theory (this same superalgebra
written in terms of commutators is given below).
It must be noted the if we neglect the presence of the η spinor 1-form in the decomposition
(6.10) we can obtain a closed algebra which, however, is not equivalent to the FDA we
started from since it fails to give the closure d2A(3) = 0. Only when the extra currents
containing η are present in (6.10) we obtain such integrability.
Let us finally write down the hidden superalgebra in terms of generators closing a set of
(anti)commutation relations.
To recover the superalgebra in terms of (anti)commutators of the dual Lie superalgebra
generators
TA ≡ {Pa, Q, Jab, Zab, Za1...a5 , Q′} , (6.17)
which are dual to the 1-forms
(
V a, ψ, ωab , Bab, Ba1...a5 , η
)
respectively, one uses the duality
between 1-forms and generators and finds that the D = 11 FDA corresponds to the following
hidden superalgebra (besides the Poincare´ algebra):
{
Q, Q¯
}
= −
(
iΓaPa +
1
2
ΓabZab +
i
5!
Γa1...a5 Za1...a5
)
, (6.18)
[
Q′, Q¯′
]
= 0 ,
[Q,Pa] = −2iE1ΓaQ′ ,
[Q,Zab] = −4E2ΓabQ′ ,
[Q,Za1...a5 ] = −2 (5!)iE3Γa1...a5Q′ ,
[Jab, Z
cd] = −8δ[c[aZ d]b] ,
[Jab, Z
c1...c5 ] = −20δ[c1[a Zc2...c5]b] ,
[Jab, Q] = −ΓabQ ,
[Jab, Q
′] = −ΓabQ′ .
set of parameters {Ti, Sj , Ek}. It was pointed out later in
16, 17 that this restriction can be relaxed
thus giving a more general solution in terms of one parameter. Indeed, as observed in the quoted
reference, one of the Ei can be reabsorbed in the normalization of η, so that, owing to the relation
(6.8), we are left with one free parameter, say E3/E2.
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All the other commutators (beyond the Poincare´ part) vanish. We shall identify the super-
Lie algebra in either of the two dual forms given as Maurer-Cartan equations or (anti-
commutators) as D’Auria-Fre´ algebra (DF-algebra in the following). In the Lie algebra
version of the dual Maurer-Cartan equations the 1-forms Ba1...a5 and Bab are the 1-forms
dual to the central generators Za1...a5 and Zab, respectively, of a central extension of the
supersymmetry algebra given by the usual D = 11 super-Poincare´ algebra and including
the extra nilpotent generator Q′ (dual to the spinor 1-form η).27 Actually, as shown in
reference,14 from a cohomological point of view, to reproduce the integrability of dA(3), the
presence of the 1-form Ba1...a5 in the decomposition (6.10) is not necessary, since all the
terms where it appears sum up to give an exact 3-form. However, as we have seen, even if
cohomologically trivial, its addition allows to extend the Lie superalgebra in a non-trivial
way.28
6.1. D=11 Supergravity and M-theory.
After several years, on the basis of different considerations, the same algebra, but without
the inclusion of the extra nilpotent generator was rediscovered. This superalgebra, actually
a subalgebra of the hidden superalgebra (6.18), was named M -algebra.18–22
The presence in the relations (6.11)-(6.16) of the bosonic hidden 1-forms Bab, Ba1...a5
can be considered as a generalization of the centrally extended supersymmetry algebra of23
(where the central generators were associated with electric and magnetic charges), and, as
such, have in fact a topological meaning. This was recognized in18 and24, where it was shown
they are to be associated with extended objects (2-brane and 5-brane charges, respectively)
in space-time. The M -algebra is commonly considered as the super-Lie algebra underlying
M -theory25–27 in its low energy limit, corresponding to D = 11 supergravity in the presence
of non-trivial M -brane sources.24, 28–32
A field theory based on the M -algebra, however, is naturally described on the enlarged
superspace whose cotangent space is spanned, besides the gravitino 1-form, also by bosonic
fields {V a, Bab, Ba1...a5}. If we hold on the idea that the low energy limit of M -theory
should be based on the same ordinary superspace, spanned by the supervielbein (V a, ψ), as
in the original formulation of D = 11 supergravity,6 then the M -algebra cannot be the final
answer since it does not contain the extra 1-form η dual to the nilpotent generator fermionic
generator Q′. Indeed we have shown that in order to reproduce the FDA on which D = 11
supergravity is based the presence of η among the 1-form generators is necessary. Actually
27Here and in the following the term “central” for the charges Zab, Za1...a5 , and for the spinorial
charge Q′ refers to their commutators with all the generators apart from the Lorentz generator Jab.
The commutation relations with Jab are obviously dictated by their Lorentz index structure.
28More precisely in reference14 it was shown that once formulated in terms of its hidden superalgebra
of 1-forms, A(3) can be actually decomposed into the sum of two parts having different group-
theoretical meaning: One of them does not depend on Ba1...a5 and allows to reproduce the FDA
describing D = 11 supergravity, while the second one does not contribute to the 4-form cohomology,
being a closed 3-form in the vacuum; however, the second part defines a one parameter family of
trilinear forms invariant under a symmetry algebra that is related to osp(1|32) by redefining the
spin connection and adding a new MaurerCartan equation. Correspondingly, also the spinor 1-form
η can be analogously split into two different spinors appearing each one in just one of the two parts
in which A(3) is decomposed.
May 29, 2020 2:9 World Scientific Reprint - 10in x 7in Reggemio page 31
31
the DF-algebra, (6.11)-(6.16) or (6.18), contains the M -algebra as a subalgebra since it also
includes a nilpotent (Q′2 = 0) fermionic generator Q′ dual to the spinor 1-form η whose
contribution to the Maurer-Cartan equations of the DF-algebra is given by equation (6.16).
In other words the DF-algebra underlying the formulation of the eleven-dimensional FDA on
superspace reproduces the eleven-dimensional theory on space-time introduced in reference6,
if and only if the decomposition of the 3-form A(3) also includes the 1-form η.
As it was shown in reference,13 this in turn implies that the group manifold generated by
the DF-algebra has a fiber bundle structure whose base space is ordinary superspace, while
the fiber is spanned, besides the Lorentz spin connection ωab, also by the bosonic 1-form
generators Bab, Ba1,...a5 . It follows that if we would start from the group manifold generated
by the DF-algebra, the coadjoint multiplet would now be µA = (ωab, Bab, Ba1...a5 , V
a, ψ, η)
and the action principle would factorize the coordinates associated to the first three 1-forms
so that their degrees of freedom would not enter into the equations of motion. Indeed the
presence of Q′, dual to the 1-form η, allows to consider the extra 1-forms Bab and Ba1...a5 as
gauge fields in ordinary superspace instead of additional vielbeins of an enlarged superspace,
that is, their curvatures on the fiber are horizontal. This is due to the dynamical cancellation
of their unphysical contributions to the supersymmetry and gauge transformations with the
supersymmetry and gauge transformations of η.29
7. Conclusions.
We have shown how the original idea formulated by Y. Ne’eman and T. Regge of defining
gravity and supergravity theories directly on a (super-)group manifold G˜ actually allows a
completely geometrical and group-theoretical formulations of any gravity or supergravity
extended theory.
We have explained how the generalized action principle of integrating the Lagrangian on
a submanifold of G˜ is capable of obtaining the following results:
Factorization of coordinates belonging to gauge subgroups of G˜ can be obtained by using
a generalized action principle where space-time is represented by a bosonic submanifold
immersed in the (super-)group, so that G˜ actually becomes endowed by a fiber bundle
structure.
For supergroups, where the notion of superspace as base space of the fiber bundle ap-
pears, the same procedure based on the extended action principle allows to add, to the
notion of factorization, the notion of supersymmetry whose geometrical meaning is that the
field-strengths (curvatures) in superspace are not horizontal, but can be expressed linearly
in terms of the space time field-strengths. The corresponding geometrical interpretation has
been named rheonomy.
It is possible to give very simple building principles that allow an almost algorithmic
procedure for the construction of any supergravity Lagrangian, the most important principle
being geometricity.
29As observed in,13 all the above procedure of enlarging the field space to recover a well defined
description of the physical degrees of freedom is strongly reminiscent of the BRST-procedure, and
the behavior of η is such that it can be actually thought of as a ghost for the 3-form gauge symmetry,
when the 3-form is parametrized in terms of 1-forms.
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Besides the original results obtained not only in supergravity, but also in related ques-
tions like duality, Calabi-Yau compactifications, mononodromies etc, an important step has
been the discovery of the Free Differential Algebras as a geometrical way to formulate super-
gravities containing higher p-forms fields by a suitable generalization of the Maurer-Cartan
equations to higher p-forms. In particular using the notion of Lie algebra cohomology it has
been possible to show that any such supergravity containing higher p-forms can be reduced
to an ordinary supergravity based on an ordinary Lie superalgebra.
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9. Appendix
We give a short list of the most relevant and interesting results obtained in the geometric
approach.
Besides giving the geometrical structure of the already existing supergravity theories,
some supergravity theories were first obtained in the geometric approach, see e.g. N = 3,
D = 4 and N = 2, D = 6, F4 matter coupled supergravities.33, 34
Construction of central and matter charges and symplectic structure of all D = 4,
N extended theories35.
Symplectic invariant coupling of scalar-tensors7, 36, 37 and vector-tensor multiplets38 in
N = 2 supergravity and the role of magnetic charges.
Derivation of the N = 1 and N = 2, D = 4 supergravity Lagrangians in the presence of a
boundary.39
Unexpected interesting relation between N = 2 supergravity in D = 4 and a three-
dimensional theory describing the graphene electronic properties.40
Other relevant results are the following: Anomaly Free supergravity in D = 10;41 Duality
transformations in supersymmetric Yang-Mills theories coupled to supergravity42; A detailed
analysis of the role played by the Picard-Fuchs equations in supergravity43–45; Symplectic
structure of N = 2 supergravity and its central extension;46 Symplectic structure and mon-
odromy group for the Calabi-Yau two moduli space47, 48 (as far as rigid supersymmetry is
concerned, the necessity of introducing a Chern-Simon term in D = 10 super Yang-Mills
N = 1 Lagrangian was first realized using the geometric approach, see reference49).
Finally, even if not concerning supersymmetry, an important result has been obtained in
the theory of gravitation using a completely geometric Lagrangian coupled to a pseudo-
scalar field in a non-canonical way. Using this Lagrangian it has been possible to show the
existence of symptotically flat gravitational instantons in gravity.50 Further results in this
approach were also obtained in reference.51
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